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In this work, we show that the dissipation in a many-body system under an arbitrary non-equilibrium process
is related to the Re´nyi divergences between two states along the forward and reversed dynamics under very
general family of initial conditions. This relation generalizes the links between dissipated work and Renyi di-
vergences to quantum systems with conserved quantities whose equilibrium state is described by the generalized
Gibbs ensemble. The relation is applicable for quantum systems with conserved quantities and can be applied to
protocols driving the system between integrable and chaotic regimes. We demonstrate our ideas by considering
the one-dimensional transverse quantum Ising model which is driven out of equilibrium by the instantaneous
switching of the transverse magnetic field.
PACS numbers: 05.70.Ln, 05.30.-d, 05.40.-a
I. INTRODUCTION
The non-equilibriumdynamics of quantummany-body sys-
tems is one of the most fascinating branch in physics. The sec-
ond law of thermodynamics told us that the work done under a
non-adiabatic change of the parameter of the system is always
greater than the free energy change. While in 1997, Jarzynski
[1] made an milestone development in non-equilibrium ther-
modynamics by discovering that a classical system initialized
in a thermodynamic equilibrium state the work done on the
system under an arbitrary change of control parameters is re-
lated to the equilibrium free energy difference between the
initial and the final thermal equilibrium states for the con-
trol parameters. The Jarzynski equality links the equilibrium
free energy difference to the work done in an arbitrary driv-
ing process and therefore provides a novel method to study
thermodynamics in nanscale sytems through non-equilibrium
measurement [2–8]. Jarzynski equality was extended to finite
quantummechanical systems [9–12] and has been verified ex-
perimentally in an ion trap system [13]. The discovery of the
Jarzynski equality has led to extensive investigation of fluctu-
ation relations in non-equlibrium thermodynamics [14–16].
Recently, the author and his collaborator found that [17] the
dissipation under an arbitrary driving protocol is related to the
Re´nyi divergences between a microscopic state in the forward
process and a microscopic state in its time reversed process.
Because the Re´nyi divergence is a measure of distinguishabil-
ity of two states [18–21], the relation between dissipation and
Renyi divergences [17] tells us that dissipation comes from
breaking of microscopic reversibility. On the other hand, the
relation between dissipation and Renyi divergences [17] tells
us that we can measure the family of Re´nyi divergences by
non-equilibrium work measurement in a microscopic process
[17]. The relation between dissipation and Re´nyi divergences
has been recently verified in a superconducting qubit system
[22]. Note that the maximum dissipated work was shown
to be proportional to the infinite order Re´nyi divergences in
[23]. Recently the relation between dissipation and Renyi di-
vergences was generalized to PT quantum systems with un-
broken PT symmetry [24].
One of the fundamental assumptions in deriving fluctua-
tion relations in non-equilibrium thermodynamics [16] is that
the system is initialized in the equilibrium state described by
Gibbs ensemble. However, the steady state of an important
number of quantum systems can not be described by Gibbs
ensemble [25]. For instance, the quantum integrable systems
have a large number of conserved quantities which put con-
straints on the available phase space of a system and strongly
affects the dynamics of the system [26–29]. Instead of relax-
ing to a steady state described by the usual thermodynami-
cal ensembles, a generalized Gibbs ensemble (GGE) was pro-
posed [30, 31] to describe the corresponding steady states and
have been verified experimentally [32]. These results rises
questions of how the impact of conserved quantities on the
fluctuation relations when a system is driven out of equilib-
rium and more generally how do physical observables fluctu-
ates when the number of conserved quantities varies during
time evolution. Recently, the quantum Jarznski equality and
Crooks relations have been derived when the initial state is de-
scribed by GGE [33]. The motivation of the present work is to
investigate the dissipation in driving quantum system which is
initialized in the GGE state? We found that indeed in this case
the dissipation is also determined by the Re´nyi divergences.
We then make use of a quantum integrable model, the trans-
verse Ising model to theoretically verify our findings.
The remainder of this paper is organized as follows: In
Sec. II, we briefly review the formalism of generalized Gibbs
ensemble. In Sec. III, we first define the forward process
and the reversed process for quantum systems with conserved
quantities and then derive the relation between the dissipated
work in driving quantum system which is initialized in the
GGE and the Re´nyi divergences between two quantum states.
In Sec. IV, we use a simple quantum integral systems to ana-
lytically verify our finding. In Sec. V, we make a brief sum-
mary of the results.
II. FUNDAMENTALS OF THE GENERALIZED GIBBS
ENEMBLES
It is well known that the principle of entropy maximiza-
tion [34, 35] leads to the famous thermodynamical ensembles,
such as the canonical ensemble and the grand canonical en-
semble, which are constrained by conserved quantities such as
energy and particle number. However, many physical systems
2may contain additional conserved quantities and this raises the
question of whether there exists a more general statistical de-
scription for the steady states of quantummany-body systems.
The quantum mechanical description of systems with more
conserved quantities can also be built on information theory
formulation of statistical mechanics [34, 35]. In this approach,
the generalized Gibbs ensemble has been proposed to take ac-
count of the constraints of conserved quantities. In the GGE,
the equilibrium state of a system with Hamiltonian H is given
by the density matrix [30],
ρGGE =
1
Z
exp
−βH −
M∑
k=1
βkIk
 . (1)
Here Z(β, β1, · · · , βM) = Tr
[
exp
(
−βH −∑Mk=1 βkIk)] is the
partition function and Ik, k = 1, 2, · · · , M is the conserved
quantities of the system, which commutes with the Hamilto-
nian of the system. We assume the conserved operators com-
mute with each other so that we can measure them simulta-
neously. The generalized inverse temperatures {β, β1, · · · , βM}
are fixed by requiring that averages over ρGGE reproduce the
known average values of the energy and conserved quantities,
〈H〉 = Tr[ρGGE H] = E¯, (2)
〈Ik〉 = Tr[ρGGE Ik] = I¯k. (3)
The generalized Gibbs ensemble has been experimentally ver-
ified recently [32]. What is the dissipation for a quantum
many-body system whose initial state is described by GGE
being driving out of equilibrium? This is the main target of
this work.
III. NON-EQUILIBRIUM QUANTUM
THERMODYNAMICS
Let us consider a finite quantum system with conserved
quantities so that its steady state can be described by the
generalized Gibbs ensemble. We are interested in a non-
equilibrium process induced by a time-dependent Hamilto-
nianH(t) which is controlled by an external agent.
A. Forward Driving Process
Let us first describe the forward driving process.
(1). The system is initialized in the equilibrium state cor-
responding to Hamiltonian H = H(0). If the Hamiltonian
H has a number of conserved quantities denoted by the op-
erators Ik, k = 1, 2, · · · , M, then the equilibrium state can
be written in the form of the GGE with M + 1 parameters,
~β = {β, β1, β2, · · · , βM},
ρF (0) =
e−βH−
∑M
k=1 βkIk
Z(β, β1, · · · , βM) . (4)
Here Z(β, β1, · · · , βk) = Tr[e−βH−
∑M
k=1 βkIk ] is the partition func-
tion of the initial equilibrium state. We build a basis of the
Hilbert space with eigenvectors |~i〉 = |i0, i1, · · · , iM, η〉, where
the quantum number i0 characterizes the energy eigenvalue by
the Schro¨dinger equation H|i0〉 = Ei0 |i0〉, ik labels the eigen-
values of the conserved quantitiets Ik through Ik |ik〉 = Ik,ik |ik〉
and η contains the additional quantum numbers required to
completely determine a basis state.
(2). At time t = 0, one performs the first projective measure-
ment of H and Ik on the system, obtaining definite values for
its energy Ei0 ∈ {Ei} and other observables, Ik,ik ∈ {Ik,i}, k =
1, 2, · · · , M with the corresponding probability,
p~i =
e−βEi0−
∑M
k=1 βkIik
Z(β, β1, · · · , βk) , (5)
where Z(β, β1, · · · , βk) = ∑~i e−βEi0−∑Mk=1 βkIik is the partition
function of the initial equilibrium state. Simultaneously the
initial state ρF(0) is projected into the corresponding eigen-
state |~i〉.
(3). The system is driven out of equilibrium by a time-
dependent HamiltonianH(t) in a time interval 0 < t < τ. This
defines a unitary time evolution operatorU0,τ as the solution
of the time-dependent Schro¨dinger equation,
i∂tU0,t = H(t)U0,t. (6)
The corresponding time development operator is
U0,τ = T e−i
∫ τ
0
dtH(t). (7)
Thus the state of the system at time τ becomesU0,τ|~i〉.
(4). At time t = τ, the second projective measurement is per-
formed and the system is projected on the eigenstates of the
final Hamiltonian, H′ = H(τ). In general, the conserved op-
erators Ik will not commute with H(t) for t > 0, so we iden-
tify the new set of conserved quantities, {I′
l
, l = 1, 2, · · · , M′},
which commute with H′. Assuming that these operators com-
mute with each other so that we can measure them simultane-
ously. This second projective measurement provides access to
the quantities E′
f0
and I′
l, fl
, each belonging to the spectrum of
the corresponding operator defined in the analogy to the case
at t = 0 with the conditional probability,
p~i→ ~f =
∣∣∣∣〈 ~f |U0,τ|~i〉
∣∣∣∣2 . (8)
Here | ~f 〉 = | f0, f1, · · · , fM′ , η′〉 is the common eigenstate of H′
and {I′
l
, l = 1, 2, · · · , M′}. Thus at the end of a single real-
ization of the forward process, one has collected the data set
{Ei0 , {Ik,ik , k = 1, 2, · · · , M};E′f0 ,I′l, fl , l = 1, 2, · · · , M′} asso-
ciated to the parameters of the initial GGE state. With these
data set, the generalized work defined in the forward process
is [33]
W =
β′E′f0 +
M′∑
l=1
β′lI′l, fl
 −
βEi0 +
M∑
k=1
βkIk,ik
 . (9)
To simplify the notation, we introduce the short hand notation,
A~i = βEi0 +
M∑
k=1
βkIk,ik , (10)
A′
~f
= β′E′f0 +
M′∑
l=1
β′lI′l, fl . (11)
3With the state ~i = |i0, i1, · · · , iM , η〉 and ~f =
| f0, f1, · · · , fM′ , η′〉. Then the generalized work distribu-
tion in the forward process is [33],
PF(W) =
∑
~i, ~f
p~i
∣∣∣∣〈 ~f |U |~i〉
∣∣∣∣2 δ
[
W− (A′~f − A~i)
]
. (12)
The characteristic function of quantum work distribution,
which is the Fourier transform of the quantum work distri-
bution, is given by
G(u) =
∫ ∞
−∞
dWPF(W)eiuW, (13)
= Z−1Tr
[
U0,τe−(1+iu)(βH+
∑M
k=1 βkIk)U†
0,τ
eiu
(
β′H′+
∑M′
l=1 β
′
l
I′
l
)]
.
(14)
Note that the forward characteristic function in Equation (14)
has a similar expression to the Loschmidt echo or central spin
decoherence [36], which has been shown to be deeply related
to the partition function with a complex parameter [37–43]
and could be experimentally measured [36].
B. Reversed Driving Process
Now let us define the reversed process in quantum system.
(1). In the reversed process, we begin with initializing the
system in the time reversed state of the equilibrium state cor-
responding to Hamiltonian H′ = H(τ),
ρR(0) = Θ
e−β
′H′−∑M′
l′=1 βl′ I
′
l
Z(β′, β′
1
, · · · , β′
M′ )
Θ
−1. (15)
Here Θ is the time reversal operator. The equilibrium state
ρR(0) is the form of GGE with M
′
+ 1 parameters, ~β′ =
{β′, β′
1
, β′
2
, · · · , β′
M′ }.
(2). At time t = 0, we perform the first projective mea-
surement ΘH′Θ−1 and ΘI′
l
Θ
−1 on the system and the state is
projected on the basis Θ| ~f 〉 of simultaneous eigenvectors of
ΘH′Θ−1 and ΘI′
l
Θ
−1, obtaining definite values for its energy
E′
f0
and I′
l, fl
, i = 1, 2, · · · , M′.
(3). In the third step, the system is driven out of equilibrium
by the time reversed Hamiltonian [44]
HR(t) = ΘH(τ − t)Θ−1, (16)
for a time duration τ. The corresponding time evolution oper-
ator in the reversed process is
V0,τ = T e−i
∫ τ
0
dtΘH(τ−t)Θ−1 . (17)
So the density operator in the reversed process at time t is
ρR(t) = V0,tρR(0)V†0,t. (18)
(4). At time t = τ, the second projective measurement of
ΘHΘ−1 and ΘIkΘ−1 is performed and yielding Ei0 and Ik,ik
for the energy and other conserved quantities. Thus a sin-
gle realization of the reversed process provides the data set
{E′
f0
, {I′
l, fl
, l = 1, 2, · · · , M′};Ei0 , {Ik,ik , k = 1, 2, · · · , M}} as-
sociated to the parameters ~β′ of the corresponding initial state.
C. Dissipation in the Generalized Gibbs Ensemble
To calculate dissipation in the GGE, we shall make use of a
Lemma [17]
Lemma. A density operator ρF (t) in the forward driving pro-
cess and the density operator ρR(t) in the time reversed process
satisfy, for any finite real numbers a, b ∈ R,
Tr[
(
Θ
−1ρR(τ − t)Θ
)a
ρF (t)
b] = Tr[
(
Θ
−1ρR(0)Θ
)a
ρF(τ)
b].(19)
This Lemma is a consequence of time reversal symmetry and
unitarity of the time development and was proved in [17].
Here we just make use of this Lemma in the following deriva-
tion. From the definition of quantum work distribution, Equa-
tion(12), we have
〈
(
e−W
)z〉F
=
∫
dWPF(W)e−zW, (20)
=
∑
~i, ~f
p~i
∣∣∣∣〈 ~f |U0,τ|~i〉
∣∣∣∣2 e−zA′~f+zA~i , (21)
= Z−1
∑
~i, ~f
∣∣∣∣〈 ~f |U0,τ|~i〉
∣∣∣∣2 e−zA′~f e−(1−z)A~i , (22)
= Z−1
∑
~i, ~f
〈 ~f |U0,τ|~i〉〈~i|U†0,τ| ~f 〉e
−zA′
~f e−(1−z)A~i , (23)
= Z−1
∑
~i, ~f
〈 ~f |U0,τe−(1−z)(βH+
∑
k βkIk)|~i〉〈~i|U†
0,τ
e−z(β
′H′+
∑
l β
′
l
I′
l
)| ~f 〉,
= Z−1
∑
~f
〈 ~f |
(
U0,τe−(βH+
∑
k βkIk)U†
0,τ
)1−z (
e−(β
′H′+
∑
l β
′
l
I′
l
)
)z | ~f 〉,
=
(
Z′
Z
)z
Tr
[(
U0,τρF (0)U†0,τ
)1−z (
Θ
−1ρR(0)Θ
)z]
, (24)
=
(
Z′
Z
)z
Tr
[
(ρF(τ))
1−z (
Θ
−1ρR(0)Θ
)z]
, (25)
=
(
Z′
Z
)z
Tr
[
(ρF(t))
1−z (
Θ
−1ρR(τ − t)Θ
)z]
, (26)
= e−∆Fe(z−1)S z(Θ
−1ρR(τ−t)Θ||ρF (t)). (27)
Here z is a finite real number and ∆F ≡ F(β′, β′
1
, · · · , β′
M′ ) −
F(β, β1, · · · , βM) is the free energy difference between the
equilibrium states at the initial and final control parameters
of the GGE, where the free energy is related to the partition
function by F = − lnZ. From Equation (25) to Equation (26),
we have made use of the Lemma list above. In the last step,
we have made use of definition of the order-z quantum Re´nyi
divergences between two density matrices ρ1 and ρ2 [20, 21],
S z(ρ1||ρ2) ≡ 1z−1 ln[Tr[ρz1ρ1−z2 ]], which is information theoretic
generalization of standard relative entropy [18]. If we identify
W− ∆F as the dissipated workWdiss in the non-equilibrium
process, then the fluctuation of the dissipated work is given
by,
〈
(
e−Wdiss
)z〉 = exp [(z − 1)S z (Θ−1ρR(τ − t)Θ||ρ(t))] . (28)
4Now we make some remarks on the above relation:
(1). In Equation (28), z is a free parameter and can take any
positive real numbers. If we set z = 1, Equation (28) recovers
the Jarzynski equality in the generalized Gibbs ensemble [33].
(2). Fluctuation of the dissipated work is independent of time
t because the density operators ρF(t) and ρR(τ− t) appeared on
the right hand side of Equation (28) may be evaluated at any
intermediate time t ∈ [0, τ], which is a consequence of the
time reversal symmetry and unitarity of quantum dynamics.
(3). The quantum Re´nyi divergences can measure distin-
guishability of two states [19, 20] and thus Equation (28) tells
us that dissipation comes from the breaking of time reversal
symmetry between the forward and its time reversed dynam-
ics.
(4). Equation (28) connects the fluctuations of the dissipated
work to the quantum Re´nyi divergences between two non-
equilibrium quantum states along the forward process and its
time reversed process. It is clear that the dissipated work is a
macroscopic quantity while on the other hand the Re´nyi diver-
gences between two quantum states is a microscopic quantity.
Thus the relation connects a microscopic quantity to a macro-
scopic quantity in non-equilibrium thermodynamics. Various
moments of the dissipated work are given by
〈Wndiss〉 = Tr
[
ρF (t)Tn
(
ln[ρF(t)] − ln[Θ−1ρR(τ − t)Θ]
)n]
,
(29)
where n = 1, 2, 3, · · · and Tn is an ordering operator
which sorts that in each term of the binomial expansion of(
ln[ρF(t)] − ln[Θ−1ρR(τ − t)Θ]
)n
, ln[ρF(t)] sits on the left of
ln[Θ−1ρR(τ − t)Θ]. In particular for n = 1, it is
〈Wdiss〉 = D[ρF(t)||Θ−1ρR(τ − t)Θ], (30)
where D[ρ1||ρ2] ≡ Tr[ρ1(ln ρ1 − ln ρ2)] is the von Neumann
relative entropy [45] between two density matrices. Note that
it has been already known that the mean value of dissipated
work is related to the relative entropy between the forward
dynamics and its time reversed dynamics for non-equilibrium
dynamics in the Gibbs ensemble [46–52]. Our equation (30)
generalizes the the relation between dissipated work and the
relative entropy to systems with very general initial condi-
tions.
(5). Equation (28) establishes an exact relation between the
generating function of the dissipated work and the quantum
Re´nyi divergences between two non-equilibrium states and
therefore we can measure the arbitrary ordre of Re´nyi di-
vergences from the non-equilibrium work measurement in a
closed quantum system driving out of equilibrium. Because
the characteristic function of quantum work distribution can
be measured from the Ramsey interference of a single spin
[53–55], one can also measure the Re´nyi divergences between
two quantum states from Ramsey interference experiment.
(6). If the Hamiltonian H and H′ have no conserved quanti-
ties except the energy, namely the number of conserved quan-
tities for the initial and final Hamiltonian M = M′ = 0, and
the forward and reversed processes begin at the same inverse
temperature β = β′, thenW = β(E′
f0
− Ei0) = βW where the
ordinary work W is the energy difference between the initial
and final states. Thus Equation (28) recovers the case for the
Gibbs ensemble [17].
IV. PHYSICAL MODEL STUDY
The transverse Ising model in one-dimension (1D) is an
integrable quantum system and we make use of this simple
model to theoretically verifying the relation between dissi-
pated work and the Re´nyi divergences in the GGE. The Hamil-
tonian of the 1D quantum Ising model is written as
H = −J
N∑
j=1
[
σxjσ
x
j+1 + λσ
z
j
]
, (31)
where J is the coupling strength between nearest neighbor
Ising spins along x direction (we take J = 1), λ is a dimension-
less parameter quantifying the strength of magnetic field along
z direction,σα
j
(α = x, y, z) is the Pauli operator of the j-th spin
along α = x, y, z direction and we impose periodic boundary
conditions for Pauli spins by requiring that ~σN+1 = ~σ1.
The 1D quantum Ising model may be exactly diagonalized
through three successive transformations, namely, the Jordan-
Wigner transformation, Fourier transformation and Bogoli-
ubov transformation [56, 57]. After these three transforma-
tions, the Hamiltonian of 1D quantum Ising model finally be-
comes [57]
H(λ) =
∑
k
ǫk(λ)b
†
k
bk =
∑
k
ǫkIk. (32)
Here bk and b
†
k
are the fermion annihilation and creation
operators of momentum k, ǫk(λ) = 2
√
1 + λ2 − 2λ cos k is
the excitation energy for creating a fermion with momen-
tum k, Ik = b
†
k
bk is the Fermionic number operators and the
Fermionic number operators are all conserved quantities of
H(λ). Note that the set of conserved quantities Ik are different
if λ changes.
We now consider a sudden quench process in the 1D quan-
tum Ising model where the transverse magnetic field is tuned
from λi to λ f very quickly. At t = 0, the quantum Ising model
is prepared in a thermal equilibrium state described by GGE
with density matrix ρF (0) = e
−∑k(β+βk)Ik/Z(β, β1, · · · , βN) with
Z(β, β1, · · · , βN) = Tr[e−
∑
k(β+βk)Ik ] is the partition function in
the GGE and N is the total number of spins in the Ising model.
Then we suddenly change the transverse magnetic field from
λi to λ f . The characteristic function of work distribution in
this sudden quench process can be calculated as
G(u) =
∫ ∞
−∞
dWPF (W)eiuW, (33)
= Z−1Tr
[
e−(1+iu)(βH+
∑N
k=1 βkIk)eiu(β
′H′+
∑N
l=1 β
′
l
I′
l )
]
, (34)
= Z−1Tr
[
e−(1+iu)
∑N
k=1(β+βk)Ik eiu
∑N
k=1(β
′
+β′
k
)I′
k
]
, (35)
=
∏
k>0
1 +
1+cosαk
2
cos(A+(u)) +
1−cosαk
2
cos(A−(u))
1 + cosh(β + βk)
.(36)
Here A±(u) = (u − i)(β + βk) ± u(β′ + β′k), αk ≡ θ fk − θik, θik
and θ
f
k
are shorthand notation for θk(λi) and θk(λ f ) with θk(λi)
5being defined by sin[2θk(λ)] ≡ 2 sin k/ǫk(λ) and cos[2θk(λ)] ≡
2(λ − cos k)/ǫk(λ). In the sudden quench process, the free
energy change is given by
e−∆F =
Z′
Z
=
∏
k>0
[1 + cosh(β′ + β′
k
)]
[1 + cosh(β + βk)]
. (37)
On the other hand, the Re´nyi divergences
S z
(
Θ
−1ρR(0)Θ||ρF(τ)
)
is
exp
[
(z − 1)S z
(
Θ
−1ρR(0)Θ||ρF(0)
)]
,
= Z−zZ′z−1Tr
[
e−z
∑M
k=1(β+βk)Ik e−(1−z)
∑M
k=1(β
′
+β′
k
)I′
k
]
, (38)
=
∏
k>0
1 +
1+cos αk
2
cosh(B+(z)) +
1−cosαk
2
cosh(B−(z))
[1 + cosh(β + βk)]1−z[1 + cosh(β′ + β′k)]
z
.(39)
Here B±(z) = (z−1)(β+βk)±z(β′+β′k). Then it is easy to check
that in the sudden quench process of the quantum Ising model,
the dissipated work and Re´nyi divergences between the initial
state and the final state satisfy
〈
(
e−βW
)z〉 = e−z∆Fe(z−1)S z(Θ−1ρR(0)Θ||ρF (0)). (40)
Therefore we have analytically verified that the dissipation in
the GGE is related to the Re´nyi divergences of two states in
an integrable quantum many-body system.
V. CONCLUSIONS
We have established that the dissipation in a quantum
many-body system which experiences an arbitrary non-
equilibrium process is linked to the Re´nyi divergences be-
tween two states along the forward and reversed dynamics
under very general family of initial conditions. This relation
is a consequence of time reversal symmetry and unitarity of
the dynamics and generalizes the connections between dissi-
pated work and Renyi divergences to quantum systems with
conserved quantities whose equilibrium state is described by
the generalized Gibbs ensemble. The relation is applicable
for quantum systems with conserved quantities and can be ap-
plied to protocols driving the system between integrable and
chaotic regimes. We demonstrated our ideas analytically by
studying the one-dimensional transverse quantum Ising model
driving out of equilibrium by the instantaneous switching of
the transverse magnetic field.
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